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SUMIKIY

.

The frequency respnse of blade temperature to exhaust-gas tempera- . _
ture for two locations in the blade and several operating conditions
determined from harmonic analysis of transient data is presented. Two
analybicsl methods are compared with the experimental frequency
response of the blade temperature to the gas temperature. The dynsmic
response of turbine-blade temperature to edm.zst-gas temperature exhibited
the form of a first-order lag. The time constant of the lag for the
leading-edge position of the turbine blade was found to be approximately
6.6 seconds. The time constant of the lag for the midchord position of
the turbine blade was fouqd to be three times that of the leading-edge
position.

These results were used to predict bltie temperature for typical
controlled and uncontrolled gas-turbine engines.

INTRODUCTION

In general} gas-turbine engines are regulated through the measured -
values of engine speed and turbine exhaust-gas temperature. This regula-
tion has the two-fold purpose of controlling engine performance and
minimizing engine dsmage. Exhaust-gas temperature may cause engine
damage by affecting blade temperature. Present practice limits exhaust-
gas temperature to some level which is considered safe for @rbine-blade
life. This temperature limitation imposes severe restrictions on
acceleration rates of ,theengine. Use of heat transfer theory sh~ws mat
.ddring transients the blade temperature will not corres~nd to the
exhaust-gas temperature ad that this dynamic characteristic could result

.—
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relaxed restriction on exhaust-gas temperature during transients.

An investigation of the dynamic response of turbine-blade tempera-
to exhaust-gas temperature for a gas-turbine engine was m@e at the
Lewis laboratory. For this investigation, a gas-turbine engine was
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instrumented so that simultaneous recordings .of.etiast-g~ t~perature.
and turbine-blade temperature.were obtained during various transient
and acceleration conditions. The results of these experiments and their
application to gas-turbine engine operation .andcontrol We Presented _..
herein and several examples of the application of the results obtained
are cited. The general relation of turbine-blade temperature ta exhaust-
gas temperature as defined by heat-transfer-theory is also presented. The

comparison of the analytical and the experimental relation is discussed.

ANALYSIS

Two methods of determining the dynsmic response of turbine-blade
temperature to ehast-gas tempera@.re we presented. Method A consid~s _
only the lag due to the film coefficient and metho&B slso considers th,e .
temperature gradient in the blade.

These two methods of determining the dynsmic response of turbine-
blade temperature to gas-temperature involve the physical properties of
the blade material, the temperatures of the blade and the gas, and the
attendant film coefficient. A method of determining the appropriate
film coefficient is presented in reference 1. ..

Analytical Method A

Method A assumes that the temperature i.sequ~.t~ou@out the bl~e <._
and that the heat flow is proportional to th-edifference in temperature
between the gas and the blade. The heat flow from the gas to the blade
is also assumed to be utilized completely in raising the bl~e tempera- .
tures. This relation can be expressed mathematically as:

(All

dq
—=hA(Tg-Th)
dt

dq d%
—=vpcp.~
dt

symbols are defined irappendix A.) “
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(1) ““--““”-.,----

(2)

Combining equations (1) and (2) gives.the genera3 form of the
dynsmic response of blade temperature to gas ,temperatureas: -.

●

V(3CPdTb

TX
+Tb=Tg

---

(3) ‘- ‘= .—
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As equation (3) is a first-order differential equation, it can be
- characterizedby a time constant ~bj which is defined as:

—

.

N and has the units of time. The time constant is therefore based on the

~ physical’properties and dimensions of the blade and the heat-transfer
fib coefficient.

Equation (3) may be converted from the time domain to the frequency
domsin by Laplacian transformation methods discussed in reference 2,
chapter 3. This conversion gives a transfer function (the ratio of the
blade temperature to the’gas temperature) of the form:

%1.==
‘g

(4)

where ~b has already been defined. The snplitude’smdphase of equa-
tion (4) as a function of frequency o. are plotted OH logarithmic
coordinates (fig. 1). Thi.smethod is discussed in reference 2,
chapter 8. The asymptotes”to the curve of figure 1 intersect at a

? frequency of one radian per second. Because the time constant is the
reciprocal of this intersecti~ frequ~cyj ‘b IS ShO Unity, which W&S
the value chosen for the curve. This method of obtaining the inter-
section of the asymptotes was used throughout the report to determine
the time constants from the plots of the experimental data.

Analytical Method B

A more inclusive method
turbine-blade temperature to
the heat-transfer equation

of determining the
gas temperature is

#v2T = ~
%

. and appropriate boundsry conditions.

.

dynamic response of
developed by means of

.

(5)
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Leading-edge blade temperature. - The dynsmic response of the
leading-edge blade temperature to gas tem~ratur,e can be determinedly .

equation (5) and appropriate boundsry conditions.” The frequency respon&e - “=
of leading-edge blade .temperatureto gas temperature is.

The derivation of equation (6) and the attendant assumptions are given
in appendix B. A plot of equation (6) in figure 2(a) presents the
amplitude and phase of the frequency response d the leading-edge blade
temperature to-the gas temperature.

Midchord blade temperature. - The dynamic response of midchord
blade ttiperature to gas temperature cembedeterm$nedby equation (5)
and suitable boundary equations. The frequency response of the midchord
blade temperature developed in appendix B is

(7j”‘“

The emplitude and phase relations to frequency of equation (7) sre
presented as figure 2(b).

Tra.iling-edge.bkde temperature. - The d-c response of the
tr~ling-edge blade temperature to gas temp@ature could be deteni.n~..
in the seinemanner as the leading-edge blade-”-temperatureresponse;
however, the difficulty of accurately determining the film coefficient
at the trailing-edge position makes this evaluation tipracticel.

APPARATUS AND PROCEDURE

Test Engine

The turbojet engine from which the data_were ob.taigedhas .a
centrifugal-type compressor and a single-stage turbine.. This engine
was operated over the power .range,(idleto full power) at sea-level
conditions. A schefiaticdr’awingof the turbojet engine showing the
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locations of the stations at which the temperature was
. in figure 3. Station 1 is in the turbine rotor blades

5

measured appears
and station 2 is

in the tail cone approximately 3 to 4 feet downstream of the turbine.
&

Temperature Measurement Methods

The temperatures were indicated by thermocouples and recorded by
.:..

a gqvanometric oscillograph. The frequency responses of the oscillo-
graph galvanometric elements were such that no correction was necesssry
to the traces for the frequency range of the experimental data.

Blade temperature. - The blade temperature was indicated by a
36-gage chromel-slumel wire thermocouple imbedded in the slrfoil section
of the blade. The thermocouple junction was peened to the blade material.
The emf of the blade thermocouples was transferred through slip rings
at the front of the engine from the rotating shaft and then through
bucking circuits to the oscillograph. .-

.

.

The leading-edge-positionblade thermocouple was located in the
turbine blade as i~ustrated in figure 4(a). The sp=wise position of
the thermocouple,approximately at.the midpoint of the airfoil section,

,.L-

was chosen as the most critical section of the blade because of the
combined effects of centrifugal stre,ssand temperature.

The midchord-position blade thermocouple was.located at approxi-
mately the ssme spanwise position as the leading-edge thermocouple. As
the blade was structurally weakened by the insertion of the thermocouple, “ ““

_-—

the tip of the blade was removed so that the blade would be able to
withstand the stresses of full-power operation of the engine. The
turbine blade used is shown in figure 4(b).

The trailing-edge position of the turbine blade was not tested.
For certain classes of materials used in turbine blades, un~blished
work indicates that the failures due to temperature are-almost entirely
limited to the leading-edge aqd midchord positions. The trailing-edge _.
position failures ,sreattributed to vibratory stress.

Gas temperature. - .Thegas temperature was indicated by four 28-gage
chromel-al.umelthermocouples placed at station 2 shown in figure 3. The
emf generated by the thermocouples passed through a bucking circuit and

.—-

then to the oscillograph. The t@e constant of these th~mocouples was
●approximately 0.15 second for the particular installation; therefore the
gas temperature traces were not corrected for the gas thermocouple lag,
which was too small to have significant effect on the data.

.- .-— ~ -
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Method of data reduction.‘-
.

The data recorded by the galvanometric
oscillograph were in the form of figure 5. ~ese traces, which are the ._.~ ___.:
temperatures of the gas and blade recorded against time, were reducedby
harmonic analysis so as to obtain separately the frequency response of
the blade temperature and the gas temperature to the ssme arbitrary

—

fuel-flow input. The ratio of these two frequency responses is the
frequency response of turbine-blade temperature to gas temperate.. ‘!-..-.-—

The harmonic analysis was performed for 34 frequencies by digital
computers following the method of reference 3. The frequency response
of the traces of figure 5 is presegted[in figure 6.

Rl?SULTSAND DISCUSSION

Experimental.Data
— .—

Typicsl oscillograph.tracesof temperature of..theWde and the gas
temperature are presented as figures 5, 7> tid 8. The ordinate of the.
figures is temperature as a deviation frm Linitialvalue of the trace.,.
The abscissa is time in O.1-second intervals. The l-second intervals

.—

are so msrked. These three figures illustrate the three basic methods . -
by which the experimental data were obtained. In the first method,

“.-.

illustrated by figure 5, the data were obtained by a rapid advance of
the fuel flow. The gas temperature first overshot and then went below
the final value before reaching the final vslue. The blade temperature : “-~
slowly approached the final valu”e..In the second method, illustrated
by figure 7, the data were obtainedby a sudden decrease in fuel flow
to the engine. The gas temperature dropped much lower than the final
temperature and then increased. The increase was due mainly to the
decrease In air flow attendant to the decrease in speed. The blade
temperature decreased very slowly to the final blade temperature. The
third basic method illustrated by figure 8 yas a combination of.the .....= .=
first two methods. The sudden increase in fuel flow was followed by a
sudden decrease in fuel flow back to the initial fuel flow. It was
intended that the blade temperat~e would not reach equilibrium at the ..

higher fuel flow thereby establishing a measure of the l$nearf.tyof
the system.

—
—

Leading-edge blade temperature. - Typical oscillograph traces of ___
leading-edge blade temperature -andgas temperatme””are shown in “- .---——

figures 5 and 8. ---

The frequency response of the leading-edge blade temperature to
gas temperature for the time traces of figure 5 is given by figure 6. ● “-

_-
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The curve of figure 6 can be closely approximated
order lag:

.7

by a single first-

(8)

The time constant %b iq found from the intersection of the asymptotes

of the upper or smplitude curve. The asymptotes of figure 6 intersect
at a frequency of 0.154 radian per second. The time constant which is
the reciprocal of the freQuency, is 6.5 seconds. For a step change in

--

gas temperature, the blade temperate will attain 98 percent of its
final value in four time constants or 26 seconds.

The lower or phase curve of figure 6 is the phase of the blade
temperature with respect to the gas temperature. The phase curve also
exhibits the form.of a first-order lag system.

The frequency response of leading-edge blade temperature to gas
temperature when the fuel flow is decreased suddenly is shown in
figure 9. The smplitude and phase curves indicate that the system is

—

predominantly first order and that the time constant Tb is equsl to
7.2 seconds.

The frequency response corresmnding to the oscillo~aphic traces ,
of figure 8 is shown in figure 10. The smplitude and phase curves
exhibit the form of a first-order lag with a time constant of 6.7 seconds. ‘-:

Midchord.blade temperature. - Typical oscillograph traces of mid-
chord blade temperature and gas temperatu&e me shown in figure 7. The “ ‘“
frequency response of midchord blade temperature.to gas temperat~e for .
the data presented in figure 7 is presented “infigure 11, The amplitude
relation to frequency exhibits a first-order lag with a time constsnt
of 20.8 seconds. The phase-frequency relation exhibits a first-order

.

lag except for the higher frequencies. The measurement of blade tempera-
ture will not, in general, be in a closed loop control so the smplitude
relation is the important factor.

The frequency response of midchord blade temperature to gas tempera-
ture when the fuel flow is increased is presented as figure 12. The
smplitude-frequency relation shows a first-order system with a time
constant of 30 seconds. The phase-frequency relation exhibits the

. general first-order lag form.
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Comparison of Analytical and Experimental Data .

The compwison of the results of the two analfiical methods with
the experimental data shows reasonable correlation between the time
constants of the first-order approximation of each method. The phase
angle results, however, are more vaied in their predictions. The
experimental and smalytical time constants obtained are tabulated as
follows:

Experimental data

AneJ.yticalmethod A

Analytical method B

,.. —

-. ..-
— ..

.

-.
-.

8
Transient “ Position m

N—
Leading edge Midchord

Acceleration 6.4 30
6.5

Deceleration 7.2 20.8

Acceleration, deceleration 6.7
7.2 ...-x—.

---- 6.8 17.7
—

6.3 20.7 .. .

Leating-edge blade tem&rature. - A comparison of the frequency ~
response obtained by the two analytical methods and the representative
experimental data fdr the leading-edge bl@e temperature togas tempera-
ture is presented as figure 13(a). The application of the heat-transfer
equation (equation (5)) gave results very close to the experimental values
for the amplitude relation, while analytical method A gave a slightly
higher time canstsmtthan the experimental. The_results of both ,
analytical methods are close enou@” to use the simple method for
analytical studies of the leading-edge blade temperature during a
transient. The phase relation (the lower curve) shows more scatter but “-
the accuracy in the phase ylane ‘isnot as important as the amplitude ‘
relation unless the blade temperature is used as pert of a closed loop
control.

lttdchordblade temperature. - A comparison of the frequency responses
by the two analytical methods and the experimental data for the midchord
blade temperature to gas temperature is presented as figure 13(b). The
results for the frequency response at the midchord section of the blade

. . . . ..
—

1

—

.—
—

*.—

.

show more deviation. Howe-ver,both analfiical methods are on the con-
servative side. The phase relation (the lower curve) indicates that the
disagreement could be due to nonlinearities in the actual blade that were
not accounted.for by the analytical methods. This disagreement, however,
has a pronounced effect only at a frequency such that the amplitude ratio
is quite small and thereby does not appreciably affect the”validity of
the linear first-order approximation if the relation is not used as part
of a closed loop control.

-.——- - .+ .
—.-: .-

. . —

..

v
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Effect of Blade-Temperature

For present day engines,
(reference 4) which is stated

N
~

and according to this present

APPLICATION

Lag on Uncontrolled Engine Operation

the engine speed lags the gas temperature --- -.
mathematically as .—.“-

1
=B— 1+-cp ‘ (9)

.
report blade temperature lags the gas

temperature equation (8). The relation between engine speed ~dblade
temperatures has the form

—..—
.-——

% l+Tp—=
N ‘l+~b~

(10)

In appendix B it ~s proved that if ~b is greater than ~, the turbine- ..-
blade temperature will rieverreach a temperature higher thqn the final
steady-state temperature as long as the final speed is slways greater.
than the engine speed during the transient. Conversely, if 7 is
greater than ~b} the turbine-blade temperatures will be higher than
the finsl blade temperature during an acceleration even if the engine
speed is everywhere less than the final speed during the transient.

.- .-

The case where Zb is greater than % is shown in figure 14. Gas

temperate initially was three times the final gas temperature and.the
fuel flow was twice the final fuel flow. This condition resulted in
rapid acceleration of the engine while the blade temperature rose more
slowly. When the engine speed reached the final value, engine fuel flow
was changed to the steady-state fuel,flow for the speed whereupon the

-. .-

gas temperature also changed b the final gas temperature. For practical
-.

purpxes, the engine was then in steady-state opers.tion~however, the .“”

blade temperature had Yeached only 35 percent of its final value. .,

The relations which result during a transient when the blade tempera-
ture to gas temperature time constant ~b is less than the engine speed

to gas temperature time constant ‘r are illustrated in figure 15. The
fuel flow and gas temperature transients were assumed the ssme aa for

-. ._=—

. figure ~4 which would result In the ssme speed curve. However, the blade
temperature, which leads the engine speed, overshoots the final value
before the engine speed has reached the final value. A higher speed.
cannot be reached with this configuration without exceeding the final ~
blade temperature during the transient.

...-
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Effect of Blade-Temperature Lag “onControlled

Engine Operation

The application of the blade-temperature time constant to a closed
loop speed control system is shown ih figure 16. A block diagram with
the various gain constants and time constants and the time responses of
speed, gas temperature, and blade temperature to a step increase in set
speed are shown. The engine gain constant, which for simplification ._
contains the controlJ_ergain also, sad the tiontro~er integral time
constant were chosen to give a damping ratio.of 0.707 in the speed loop
and to give the gas temperature transient an initial slope of zero. The
blade temperature to gas temperature-time constant was taken as 4 seconds,
which is lower than the values obtained from the experimental data for
leading-edge and midchord positions.

As shown, for a “stepchange in set speed, the gas temperature had an
initial rise of 2.8 and then decreased to steady state as the speed
increased. Because the speed loop was underdsmped, the speed trarisient
overshot slightly although the blade temperature dld n~t overshoot.

t

SUMMARY OF RESULTS

The response of turbine-bl&le temperature to gas temperature can
be considered as a first-order lag in control applications. The time .
constant of the lag of the blade temperature-to gas temperature varies
with location on or within the blade. Two analytical methods are pie-
sented which predict this lag at the various locations. The leading-
edge position of the turbine blade had a time constant of approximately
6.6 seconds. The variation of time constants was found to be in the
order of 3 to 1 between the midchord position and the leading-edge
position of the blade.

The investigation showed that if the bl”tietemperature to gas
temperature time constant is greater thsn the engine speed to gas @upera-
ture time constant, the blade temperature will not exceed-the final
temperature during a transient from an initial speed to a final speed
which is higher than the initial speed. Conversely, if the blade tempera-
ture time constant is smaller than the engine speed to gas temperature
time constant, the blade temperature will always exceed the final blade
temperature during an acceleration transient.

Lewis Flight Propulsion Laboratory -.

Nationsl.Advisory Committee for Aeronautics
Cleveland, Ohio

. A’
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APPENDm A

SYMBOLS

turbine-blade airfoil section, sq in.

at midchord and midspan, in.

constant, rpm/OR

const=ts of integration

specific heat of

general function

general function

turbine-blade material
Btu

‘n

in cylindrical coordinates

in Cartesian coordinates

film coefficient, Btu/(sq ft)(hr)(ol?)(from reference 1)

0
Bessel function

Bessel function

proportionality

conductivity of

of first kind and zero order

of first kind sad first order

constant, $ l/in.

blade material, Btu in./(sq ft)(hr)(%?)

engine speed, rpm

differential operator d
E

heat, Btu

radius of leading edge of turbine bl~e, in.

cylindrical coordinates

temperature, %

time, sec

volume of airfoil section of turbine blade, cu in.

-.
.
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engine fuel flow. .-

y, z Cartesian coordinates

Bessel function of second kind and zero order ..

. . . --

h rdiffusivity of turbine-blade materisl, ft in.
hr

density of turbine-blade material, lb/cu ft

gas-turbine engine time constant response to gas

‘ “i-,
——.
=-:..

...=:
--r

.-

.

. j

.

temperature, sec

I
turbine-blade time constant for
temperature, sec

circular frequency, radians/see

response-to g&
.- _- —

.-

Subscripts:

.-.

b blade

g gas

s setting

e. error .

Superscripts:

! differentiation with respect

. differentiation with respect

, —

r.—.. .

..—.-

.- -—

to

to

argument

time

.

.- —
. . ..—

,’ —
.._ >

.
-. — — .-

●

✎ -..

~

--- ‘
. .-

-. - -. 7
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APPENDIX B

ANALYTICAL METHOD B

AnalyticeJ.method B, which uses the heat-transfer equation, takes.
into account the temperature gradient across the blade thereby giving

—

a more rigorous method of determining the blade-temperature frequency
response to gas temperature.I ,

Leading-edge blade temperature. - The heat-flow equation, written
in polsr coordinates> is

(Bl)

and in using it, no heat flow is .—This equation is two-dimensional
assumed in the spanwise direction of the blade. The other boundary
conditions imposed on the leading-edge position are:

(1) The heat flow in the angular direction is zero:

%

X’” (B2)

(2) The rate of heat flow through the surface of the blade is
proportional to the temperature difference between the blade surface -
and the gas:

%)—=
ar K(Tg-Tb)

r=R F-R

(B3)

Since any arbitrary function maybe assumed for TgJ -.

T. = eimt

The blade temperature may

%=

s.

now be written

F(u,r,O) etit

as:
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which means that:

%—=
a,

Fretit

and

%
x=

~eiut

Combining equations (Bl), (B2), (B4), ad (B5) gives:

Carrying out the partial differentiation indicated gives:

NACA RME5ZA14

(B4) ‘“-”

(B5)

(B6)

m . _

[B8)

Since F has a finite value at r =
equal’zero)-giving

Equation (B8) is one form of Besselts differential equation and the
general solution may be written as:

F= CIJO

(B9)

0, and Yoaco as r+o, C2 must

(c_.)-b r
a (B1O)

Substituting in equation (B3) to obtain the value of the constant
Cl gives ,--_:

●

h -.

—

“g

.-

.-

.

v

.-—.

—

, —. ..+



NACA R4 E52A14
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.

or

.C

[
1

Fr eimt = K efit - F(R)ei~t

r=R

~=+-F(Rj

Substituting equation (BIO) into equation (Bll) gives

(-=%)A!gc,Jo! - =K - KCIJO (G)
-h

a a

. .“ c’=Q Jo, (<J)+KJo(%%)
since JO’ = -J1

Therefore, equation (B1O) becomes

Now at r = (+=r)-h
O; Jo = 1 and equation (B13) is:u

15”

(Bll)

(B12)

(B13)

(B14)

.
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If this equation is rewritten in a form more easilY obtainable from
tables: .

‘O=Jo(+@-&J1(+J‘6)
Midchord blade temperature. - In this case, a one-dimensional flow

pattern is assumed, which gives for the heat-flow equation
.-
-.

(B15}

.—

which means that

.

,.. +
,

, ..

Reference to figure 17 gives the boundary conditions as:
.—

,

(B16)

(B17)

and gazNow, the transfer function G between blade temperature T
temperature Tg is assumed,to be of the forin:

.—

G= Clerx +.C2e-rx (B18)

and since Tg may be any arbitrary function, if .

‘g =
ei(.!.)t

.—

(B19)

9.

.-
.
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T= (#d (B20)

Substituting equation (B20) into equations (B15), (B16), and (B17) gives

*

Combining equation (B18) with equations (B22) and (B23) yields

rC1erx - rC2e-rx
[ 1=K Clerx i-C2e-rx - 1

and

[ 1rC1erx - rC2e-rx = - K Clerx + C2e-rx - 1

. Since x = O in (B24), it becomes
●

rCl - rC2
[ 1

=KC1+C2-1

and since x = a in (B25), it becomes

[
rclera - rC2e-ra = - K Clera + C2e-ra 1-1

Eqution (B26) iS SOIV* for C1

c2(K+r)-Kc1 =
r- K

(B21)

(B22}

(B23)

(B24)

(B25)

(B26)

(B27)

(B28)

,, .-
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And solving equation (B27) for C2 yields:

C2 =
Cera - ‘-

r+K) -

(r-K)e-ra--

substituting equation (B28) into equation (B29) gives:

c2= [w] (K+r)e2ra-~~~,

And solving eqtiatio??(B30) fm C2 @.veS ---. ----

C2 =
Kera -..

(K+r)era - (r-K)

Substituting (B31) back into (B28)@ves for Cl

c1 =
K(K+r)era K-—

(r2-K2)era -\(r-k)z ‘-K

.-

NACARME52A14

(B29)

—

(B30) -

. ,. ‘“ ‘

(B31)- -

---
-&--

(B32) - ‘ ‘
—

Substituting the values for Cl and C2 from equations (B31) .
and (B32) into equation (B18) results in —

G=

[

K(K+r)era

(r2-K2)era - (r.K)2 ‘~]erx+ [(K+r)~r~(r@le-rx

(B33)

Equatim (B33) can be simplified to

~. K[e-r&)+ e’(x-;jl
ra

e? (K+r) - (r-K)ez

..-

.

(B34) ._

*

.- —
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which in turn becomes

Now substituting e@ation (B18) into equation
gives

19

(B35)

(B21) to obtain r

r2C1erx (+r2C2e-rx =$ Clerx )+C!2e-rx (B36)
a

From equation (B36)

.=*
CL

and equation (B35) becomes
-

G=.

~Siti (+~j+ .oSh (++

(B37)

where x = ~.
2

Effect of Blade-Temperature Lag on Uncontrolled

Engine Operation

The proof of the statement on ratio of time constants follows

(7)

herein:

The relation between the engine speed
ture is

Tb 1+’rp—=—
N B l+~b~

and the turbine blade tempera-

(10)
.

....
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which is rewritten and p replaced by ‘.& .-

dTb
‘b ~ + Tb =BT~+BN

at
(B38)

the left side is rewritten —.

~ (~l%b T.) =-B.%+ B.
‘t./~b~

%be

L

(B39}

Transposing and integrating yields ,,

t~

1[
tl

I
-tI

t/~b B’u t/’b .
Tb =— B t/~b

e
~b e Ndt+=y e Ndt -

0 0 0
(B40)

do

(B41)

If the engine were in steady state-operation at the initzal time .t = o
then

and
any

\
the amount that blade”
value of speed can be

Tb(o) =BN(0) i (B42).

temperature is off the steady-swate value for
represented by X

Tb(t) =BN(t) - X(t) (B43)

—. .

—

...

..- . .=
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Substituting equations (B42) and (B43) in equation (B41) gives

. q
X(tl)

[ lr

‘tlfib BN(0) - e= BN(tl) - e
t-t~/%b

()

BN(t)
1=
-%=

The right-hand side
times under certain

of equation (B44) can be shown to be
restrictions on tremsients.

.

21
*

dt
~b

(B44)

positive at all

BN(tl)

r
tl

I ‘-tl~b dt frm both sides @d_dsSubtracting BN(tl) e
TY
u

e
[

‘tlfib BN(~l) IJ-BN(0) ~ e
t-t@b

[
BN(t) - 1BN(tl) .% (B46)

o

If the restriction that the speed at any time N(t) is always less than
the final speed N{tl), then the right side of equation”(B46} is negative
and, for the ssme reason, the left side is positive. Therefore, it has
been proved that the right hand side of equation (B44) is positive, so
the left side of equation (B44) must slways be positive under these
restrictions. If the left side of equation (B44) is positive, there
are two possibilities:

(Q If ‘=b, then X(tl)<O, which means that ~tl) will be
greater than the steady-state value”of blade temperature at tl. -..

(2) If ~b>~, then ‘X(~)>O, which means the Tb(tl) is less than

the steady-state value of blade temperature at time tl.

.
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